ABSTRACT. We explain how one can use the explicit formulas for the mean square values of L-functions which we established elsewhere to obtain explcit upper bounds on relative class numbers of cyclotomic number fields. As an example, we show that the relative class numbers of the cyclotomic fields of conductor 4p, p ≥ 3 a prime, are less than or equal to 8
Introduction
Let f ≡ 2 (mod 4) be the conductor of a cyclotomic field K = Q(ζ f ). Let K + denote the maximal totally real subfield of K, i.e. K + is the subfield of K fixed by the complex conjugation. Let P f be the group of primitive Dirichlet characters of conductors dividing f associated with K. Let X f be the group of non necessarily primitive Dirichlet characters mod f . Hence P f and X f are both of order φ(f ). Let P − f and X − f denote the subsets of the odd Dirichlet characters in P f and X f , respectively. Let h − f , w f , Q f ∈ {1, 2} denote the relative class number of K, the number of complex roots of unity in K, the Hasse unit index of K and d f and d + f denote the absolute values of the discriminants of K and K + , respectively. We have
(e.g., see [Was] ). Now, whereas there is no known simple formula for the mean square value 
Assume that f = p m is a prime power. Then Q f = 1 (see [Was: Corollary 4.13]) and ifχ ∈ X − f is the non necessarily primitive Dirichlet character mod f induced by
and (2) yields, for example, the following explicit bound (see also [Lep] , [Met1] and [Met2] ):
More generally, for p ≥ 3 and m ≥ 1 we obtain: 
The general case
Now, assume that f is not a prime power. Then Q f = 2 (see [Was: Corollary 4.13]) and
Hence, we have (compare with (3)):
where
UPPER BOUNDS ON RELATIVE CLASS NUMBERS OF CYCLOTOMIC FIELDS
Ä ÑÑ 1º For p ≥ 2 a prime and f > 2, set
Assume that a prime p ≥ 2 is coprime with f > 2. Let l be the order of p mod f . Then,
otherwise and
P r o o f. For the first assertion, notice that 
An example
Let p ≥ 3 be an odd prime. Set f = 4p. Let K = Q(ζ f ) be the cyclotomic field of conductor f = 4p. Here, w f = 4p. Let χ 4 be the odd quadratic Dirichlet character of conductor 4. Let χ p be any odd primitive Dirichlet character of conductor p and order p − 1. Then, P f is generated by χ 4 and χ p , and
by (2). Using (6) and Lemma 1, we obtain: 
Taking into account small primes
Now, fix f 0 ≥ 1, a product of small distinct prime numbers q ≥ 2. Let χ 0 be the trivial character mod f 0 . Assume that f is coprime with f 0 , and for χ ∈ X − f , let χ 0 χ be the odd character mod f 0 f induced by χ.
As in [Lou3: Lemma 2] where f was restricted to perfect prime powers, we have the following bound valid for any conductor f (compare with (6)):
To conclude, we apply this bound with f 0 = 3 to the case f = 4p, p > 3. We will use (see 
